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MVE055/MSG810 Matematisk statistik och diskret matematik
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Tentan rättas och bedöms anonymt. Skriv tentamenskoden tydligt p̊a placeringlista och samtliga inläm-

nade papper. Fyll i omslaget ordentligt.

För godkänt p̊a tentan krävs 12 poäng p̊a tentamen.

För betyg VG för GU studenter krävs 22 poäng.

För betyg 4 resp. 5 för Chalmers studenter krävs dessutom 18 resp. 24 poäng.

Alla svar ska vara motiverade.

Uppgift 9 finns p̊a separat blad p̊a vilket lösning och svar kan skrivas. Detta blad inlämnas tillsammans med

övriga lösningar.

1. The experiment consists of rolling a fair die several times. Answer the following questions. (3p)

(a) Find the probability of getting number 5 for the first time at the sixth roll.

Geometric distribution with p = 1
6 . P (X = 6) = (56)5 16 = 55

66

(b) Find the probability of getting number 5 for the third time at the sixth roll.
Negative binomial with r = 3 and p = 1

6 . P (X = 6) =
(
5
2

)
(16)3(56)3.

(c) Find the probability of getting number 5 at least once if we roll the die exactly 10
times.
Binomial with n = 10 and p = 1

6 .
P (X ≥ 1) = 1− P (X = 0) = 1− (56)10.

2. Let A and B be two events such that P (A) = 0.2, P (B) = 0.3 and P (A|B) = 0.6. (3p)

(a) Are A and B independent? Motivate your answer.
Since P (A|B) 6= P (A) (P (B) 6= 0), then A and B are not independent.

(b) Are A and B disjoint? Motivate your answer.
P (A ∩B) = P (A|B)P (B) = 0.6(0.3) = 0.18 6= 0 then A and B are not disjoint.

(c) Compute P (A ∪B).
P (A ∪B) = P (A) + P (B)− P (A ∩B) = 0.2 + 0.3− 0.18 = 0.32.

3. In 1980, out of 700 men aged between 20 and 34, 130 were found to be overweight. Whereas,
in 1990, out of 750 men aged between 20 and 34, 160 were found to be overweight.

(a) Find an unbiased point estimate to p1, the proportion of overweight men in 1980, and
an unbiased point estimate to p2, the proportion of overweight men in 1990, based
on the samples given above. (1p)
An unbiased estimate for p1 is p̂1 = 130

700 .

An unbiased estimate for p2 is p̂2 = 160
750 .

(b) Find an unbiased point estimate for p1 − p2. (0.5p)
An unbiased estimate for p1 − p2 is p̂1 − p̂2 = 130

700 −
160
750 .



(c) Find a 95% confidence interval on the difference of proportions.

(Hint: The estimator for p1 − p2 is N (p1 − p2, p1(1−p1)n1
+ p2(1−p2)

n2
) where n1 and n2

are the corresponding sample sizes. A 95% C.I. is given by (1.5p)

p̂1 − p̂2 ± z0.025

√
p̂1(1− p̂1)

n1
+
p̂2(1− p̂2)

n2

z0.025 = 1.96. The cofidence interval is given by

(−0.0687, 0.0135)

(d) Could you conclude based on the confidence interval computed in (c) that, for men
20-34 years old, a higher percentage were overweight in 1990 than 10 years earlier?
Motivate your answer. (1p)
No since the interval contains 0.

4. The amount of fuel that a vessel has in its tank at the beginning of a voyage has a normal
distribution with mean 1200 litres and standard deviation 80 litres. The amount which
it will use on the voyage has a normal distribution with mean 800 litres and standard
deviation 50 litres. Find the probability that it has less than 500 litres in the tank at the
end of the voyage. (3p)
Let X be the amount of fuel at start and Y be the amount of fuel consumed. X ∼
N (1200, 802) and Y ∼ N (800, 502).
X−Y is the amount of fuel at the end. X−Y ∼ N (1200−800, 802+502)) = N (400, 8900).
P (X − Y < 500) = P (Z < 500−400√

8900
) = P (Z < 1.06) = 0.8554.

5. Let X be a random variable with moment generating function

mX(t) = (pet + q)10

where p is constant between 0 and 1 and q = 1− p.
Use mX(t) to find the expected value E[X] and the variance V [X] in terms of p. (3p)
E[X] = m′X(0).
m′X(t) = 10(pet + q)9pet.
Then E[X] = m′X(0) = 10(pe0 + q)9pe0 = 10(p+ q)p = 10p since p+ q = 1.
V [X] = E[X2] = E[X]2.
m′′X(t) = 10(9(pet + q)9pet)pet + 10(pet + q)9pet.
Then E[X2] = m′′X(0) = 90(pe0 + q)pe0pe0 + 10(pe0 + q)9pe0 = 90p2 + 10p.
Hence, V [X] = 90p2 + 10p− 100p2 = 10p− 10p2 = 10p(1− p).



6. The following table consists of one student athlete’s time (in minutes) to swim 2000 yards
and the student’s heart rate (beats per minute) after swimming on a random sample of 10
days:
Swim time 34.12 35.72 34.72 34.05 34.13 35.73 36.17 35.57 35.37 35.57

Heart rate 144 152 124 140 152 146 128 136 144 148

Denote by X the variable that gives the Swim time and Y the variable that gives the heart
rate. The following information can be calculated using the above table:

10∑
i=1

xi = 351.15
10∑
i=1

x2i = 12 336.22
10∑
i=1

(xi − x)2 = 5.5869

10∑
i=1

yi = 1 414
10∑
i=1

y2i = 200 756
10∑
i=1

(yi − y)2 = 816.4

10∑
i=1

xiyi = 49644.26
10∑
i=1

(xi − x)(yi − y) = −8.35

(a) Find the regression line µ̂Y |X = b0 + b1x of the heart rate in terms of swim time. (2p)

b1 =
Sxy

Sxx
= −8.35

5.5869 = −1.5

b0 = y − b1x = 1414
10 + 1.5(351.1510 ) = 194.1

Hence, the equation of the regression line is given by

µY |X = 194.1− 1.5x

(b) Is there a significant linear relation between the heart rate in terms of swim time?
Test H1 : β1 6= 0 at the 0.1 level of significance. (3p)
H0 : β1 = 0 and H1 : β1 6= 0. We have a two tailed test. T = b1

s/
√
Sxx

follows a T

distribution with degrees of freedom n− 2.
s2 = SSE

n−2 =
Syy−b1Sxy

n−2 = 100.48. Then s = 10.0245.
tα/2 = t0.05 = 1.86.

T = −1.5
10.0245/

√
5.5869

= −0.3524. Since −1.86 < −0.3524 < 1.86, then T is not in

the rejection region and we cannot reject the null hypothesis. Hence, there is no
significance relation between X and Y .

7. The purpose of this exercise is to find how many integer solutions the equation

y1 + y2 + y3 = n (1)

has, where y1 ≥ 2 and 0 ≤ y2 ≤ 5, using generating functions.

(a) Prove that the generating function corresponding to the problem can be written as

f(x) = x2(1−x6)
(1−x)3 . (2p)

f(x) = (x2 + x3 + · · · )(1 + x+ x2 + · · ·+ x5)(1 + x+ x2 + · · · )

=
x2

1− x
1− x6

1− x
1

1− x

=
x2(1− x6)
(1− x)3



(b) How many integer solutions does equation (1) have for (2p)
(Hint: Use the common generating functions given on the next page).

i. n=3?

ii. n=15?

f(x) = x2(1− x6)
∑
n≥0

(
n+2
2

)
xn.

i. The coefficient of x3 is
(
3
2

)
= 3, then there are 3 integer solutions for n = 3,

(namely 2+0+1=3, 2+1+0=3 and 3+0+0=3).

ii. The coefficient of x15 is
(
15
2

)
−
(
9
2

)
.

8. Let
f(x) = cx2

for 0 ≤ x ≤ 6.

(a) Find the value of c that makes f(x) a density function for a continuous random
variable X. (2p)
f(x) is a density function if f(x) ≥ 0 and

∫ 6
0 f(x)dx = 1.∫ 6

0 f(x)dx =
∫ 6
0 cx

2 = c[x
3

3 ]60 = 72c = 1. Therefore c = 1
72 .

(b) Find the probability that X ≤ 5 given that 4 ≤ X ≤ 7. (2p)

P (X ≤ 5|4 ≤ X ≤ 7) =
P ({X ≤ 5} ∩ {4 ≤ X ≤ 7})

P (4 ≤ X ≤ 7)

=
P (4 ≤ X ≤ 5)

P (4 ≤ X ≤ 6)

=

∫ 5
4 cx

2dx∫ 6
4 cx

2dx

=
53 − 43

63 − 43
= 0.4013.

VÄND!
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9. The following crossword consists of five words enumerated from 1 to 5 and whose clues are
given below. Solve the crosswords or write your answers on the answer sheet. (1p)

1. Roll a fair die and denote by X the random variable that gives the number of rolls
needed until we get 5 for the first time. Then X has a GEOMETRIC distribution.

2. Let X be the random variable that gives the time of the occurence of the first event
in a Poisson process. Then X has a EXPONENTIAL distribution.

3. If X1 and X2 are random variables having Poisson distributions, then X1 +X2 has a
POISSON distribution.

4. Roll a fair die 5 times and denote by X the number of times number 6 appears, then
X has a BINOMIAL distribution.

5. Let θ̂ be a point estimator for a parameter θ. If E[θ̂] = θ, then θ̂ is said to be
UNBIASED.

Lycka till!

Common generating functions

(a)
∞∑
n=0

(cx)n = 1
1−cx , for |x| < 1.

(b)
∞∑
k=0

(
n
k

)
xk = (1 + x)n.

(c)
∞∑
n=0

(
k+n
k

)
xn = 1

(1−x)k+1 .



T -distribution table

df 0.60 0.75 0.90 0.95 0.975 0.99 0.995 0.999

6 0.265 0.718 1.440 1.943 2.447 3.143 3.707 5.208
7 0.263 0.711 1.415 1.895 2.365 2.998 3.499 4.785
8 0.262 0.706 1.397 1.860 2.306 2.896 3.355 4.501
9 0.261 0.703 1.383 1.833 2.262 2.821 3.250 4.297
10 0.260 0.700 1.372 1.812 2.228 2.764 3.169 4.144


