
Quiz questions for exam in VSM167 FEM - Basics 2021-01-15 
Randomised 1 out of 3 questions on convergence 

Convergence 1 

Describe with your own words what convergence of the finite element solution means. Converges to 
what? And how? 

Rubric: 

• Converges towards the correct solution of the strong form: 0.2p 
• Error decrease as the element size is decreased: 0.3p 
• Error decrease as the element approximation order is increased: 0.3p 

 

Convergence 2 

Explain the two main requirements on the element approximations (i.e. on the element shape 
functions) to guarantee the convergence of results from a finite element simulation.  

If/when you introduce any concepts (or terminology), please be careful to explain exactly what they 
mean. 1-3 sentences per concept should be enough, but fell free to write longer (but consider the 
exam time available) 

- Convergence with explanation: 0.4p 
- Completeness with explanation: 0.4p 

 

Convergence 3 

Define the (discretization) error in a solution to a heat flow finite element problem and then 
quantitatively (giving some numbers) describe, in your own words, how this error is changing with a 
uniform decreasing mesh size, and with an increasing order of the approximation. 

Rubric: 

- Error definition: 0.4p 
- Change with respect to element size: 0.2p 
- Change with respect to element approximation order: 0.2p 

  



Randomised 1 out of 2 questions on solvability 

Solvability 1 

Present and explain at least three types of boundary conditions that one can have for a heat flow 
problem (say in 2D).  

Also explain what kind of boundary condition(s) that is (are) needed to obtain a solvable system. 
Motivate this clearly! 

Rubric: 

- Essential + Natural + mixed): 0.6p 
o Minor error -0.2p 

- At least a part of the boundary needs a Dirichlet or a mixed BC: 0.2p 

Solvability 2 

Present and explain at least two types of boundary conditions that one can have for an elasticity 
problem (say in 2D).  

Also explain what kind of boundary condition(s) that is (are) needed to obtain a solvable system. 
Motivate this clearly! 

Rubric: 

- Essential + Natural: 0.4p 
o Minor error -0.2p 

- Essential BCs to prevent rigid body motion: 0.4p 

 

  



Randomised 1 out of 2 questions on transient problems 

Transient problems 1 

Explain key differences (at least 2 differences for full point) between an explicit and implicit time 
integration scheme of a transient heat flow problem. 

Rubric: 

• Explicit time stepping is only conditionally stable if the time step is small enough: 0.4p 
• Explicit time integration does not require an update of 𝑲𝑲�  when the time step is changed. 

This will lead to computational efficiency: 0.4p 

 

Transient problems 2 

In the generalised midpoint rule (GMR) that is used to solve transient heat flow problems, we 
introduce 𝜃𝜃 in the equation for how the degrees of freedom vary from one time step to the next.  

a) Please explain what 𝜃𝜃 represents 
b) Please also describe the consequences for the numerical solution procedure of choosing 𝜃𝜃 in 

different ways, i.e. assigning it different values in the interval 0 to 1 

Rubric: 

- 𝜃𝜃 defines where in the time interval where the equation is solved: 0.4p 
- 𝜃𝜃 < 1/2, conditionally stable, 𝜃𝜃 > 0 implicit method + potentially more: 0.4p 

  



Randomised 2 out of 4 questions “other” 

Weak formulation 1 

Consider a given strong formulation of a physical problem. Explain at least two reasons for, or 
benefits of deriving the weak form in order finally be able to obtain a finite element solution to this 
problem. 

Rubric: 

Two out of three (each 0.4p) 

- We are able to move one order of differentiation from the primary field. Thus, we can allow 
for lower order approximations (and with lower order of continuity) 

- The weak form is the basis for the FE form 
- Natural BCs are naturally included in the solution to the problem 

FE approximation 

a) Explain the two key requirements that we have on the construction of shape functions to be 
used for the FE-form.  

b) Also explain what it means that a finite element approximation in 3D is complete. 

Rubric: 

- Partition of unity: 0.2p 
- Locality: 0.2p 
- Constant and linear terms in x y and z: 0.4p 

Numerical integration 

a) Explain in your own words, how one can determine a numerical integration scheme that is 
appropriate for the particular problem one aims to solve 

b) Also explain the underlying motivation for how the location and weights are determined for 
Gauss integration (no equations are necessary). 

Rubric: 

- a) compare accuracy of integration scheme with polynomial order of integrand and/or 
compare different number of integration points until convergence is achieved: 0.4p 

- b) Choose location of integration points and their weights for optimal accuracy in integration 
a polynomial: 0.4p 

  



Assembly of stiffness matrix 

Consider the 2D plane strain problem shown in the figure. For this problem, propose a suitable 
topology matrix that can be used as a guide for the assembly of element stiffness matrices into the 
global stiffness matrix. Then write down in MATLAB-format, a correct full matrix for this problem. 

Rubric: 

- Definition of topology structure: 0.4p 
- Correct matrix: 0.4p 

 



Problem 1 – 1.0p 

Consider the spring system with two spring elements (in black) and three nodes (in red) depicted in 
the figure. The first spring element has a spring stiffness of 𝑘𝑘1 and the second spring element has a 
spring stiffness 𝑘𝑘2. Node 1 is constrained from moving (𝑢𝑢1 = 0), and 𝑢𝑢3 has a prescribed motion as 
listed below. 

To make the problem specific to every student, you must consider specific input. To do so, consider 
your birth date as yyyYmMdD, where yyyY is the year you are born (Y being the last digit), mM the 
month you are born (M being the second digit) and dD the day (D being the second digit). Please 
clearly specify your date of birth on the solution page! 

According to the above, your specific input to the problem is:  

• 𝑘𝑘1 = 1.𝑌𝑌 N/mm 
• 𝑘𝑘2 = 2.𝑀𝑀 N/mm 
• 𝑢𝑢3 = 3.𝐷𝐷 mm 

(To clarify, with Martin’s date of birth being 19790415, this would mean 𝑘𝑘1 = 1.9 N/mm, 𝑘𝑘2 = 2.4 
N/mm and 𝑢𝑢3 = 3.5 mm) 

 

 

 

Tasks:  

a) Assemble the stiffness relation 𝑲𝑲𝑲𝑲 = 𝒇𝒇 where 𝑲𝑲 is the global stiffness matrix of the problem, 
𝒂𝒂 is a vector containing the degrees of freedom and  𝒇𝒇 contains the nodal forces. Clearly 
indicate which values in 𝑲𝑲,𝒂𝒂 and 𝒇𝒇 that are known and give their values (0.4p) 
 

b) Solve the system of equations (𝑲𝑲𝑲𝑲 = 𝒇𝒇) and calculate the value of the unknown degree of 
freedom, and the reaction force in node 1. For full points, the matrix system of equations must 
be used. (0.6p) 



Problem 2 – 1.5p 

Consider the plane strain elasticity problem with 4 elements and 6 nodes depicted in the figure. The 
lower right element shaded in grey is in our particular interest. This element is subjected to an applied 
traction with a constant shear component 𝑡𝑡𝑠𝑠 acting along the surface (in red) and a constant normal 
component 𝑡𝑡𝑛𝑛 acting perpendicular to the surface (in blue), see the figure for the definition of positive 
directions. No body loads are applied. 

To make the problem specific to every student, you must consider specific input. To do so, consider 
your birth date as yyyYmMdD, where yyyY is the year you are born (Y being the last digit), mM the 
month you are born (m being the first digit and M being the second digit) and dD the day (D being the 
second digit). Please clearly specify your date of birth on the solution page! 

According to the above, your specific input to the problem is:  

• 𝐿𝐿𝑒𝑒 = 3.𝑌𝑌 mm (edge length) 
• 𝑡𝑡𝑠𝑠 = 2.𝑀𝑀 N/mm2 
• 𝑡𝑡𝑛𝑛 = 4.𝐷𝐷 N/mm2 

• The angle 𝛼𝛼 (in yellow) is given by: (if m=0, 𝛼𝛼 = 30°), (if m=1, 𝛼𝛼 = 45°) 

(To clarify, with Martin’s date of birth being 19790415, this would mean 𝐿𝐿𝑒𝑒 = 3.9 mm, 𝑡𝑡𝑠𝑠 = 2.4 
N/mm2, 𝑡𝑡𝑛𝑛 = 4.5 N/mm2 and 𝛼𝛼 = 30°) 

 

 

 

Tasks:  

a) Calculate the total element load vector 𝒇𝒇𝑒𝑒 for the element shaded in grey, expressed in 
components in the x- and y-directions. (1.0p) 
 

b) Specify how the element forces are assembled into the global load vector 𝒇𝒇. (0.5p) 



Problem 3 – 1.0p 

Consider the hanging bar in the figure below, to be modelled as a 2D plane strain elasticity problem 
with isoparametric quadrilateral elements, with the weak form generally defined as: 

� �𝛁𝛁�𝑣𝑣�𝑇𝑇𝑫𝑫𝑡𝑡𝛁𝛁�𝒖𝒖 𝒅𝒅𝒅𝒅 =  � 𝑣𝑣𝒃𝒃𝑡𝑡 𝒅𝒅𝒅𝒅
𝐴𝐴

+ � 𝑣𝑣𝒉𝒉𝑡𝑡 𝒅𝒅𝒅𝒅
𝓛𝓛𝑁𝑁

,
𝐴𝐴

 

𝒖𝒖 = 𝟎𝟎 along ℒ𝐷𝐷 , 

where 𝓛𝓛𝑫𝑫 is the Dirichlet part of the boundary and 𝓛𝓛𝑵𝑵 is the Neumann part of the boundary (along 

which the traction is given as 𝒕𝒕 = 𝒉𝒉). The body load 𝒃𝒃 is in this case given as 𝒃𝒃 = �
𝑏𝑏𝒙𝒙
𝑏𝑏𝒚𝒚
� = �0𝑏𝑏�� with 𝑏𝑏� 

being the body (volume) load component due to gravity. In this problem we consider the specific 
element in white, highlighted by the red circle.  

 

To make the problem specific to every student, you must consider specific input. To do so, consider 
your birth date as yyyYmMdD, where yyyY is the year you are born (Y being the last digit), mM the 
month you are born (m being the first digit and M being the second digit) and dD the day (D being the 
second digit). Please clearly specify your date of birth on the solution page! 

According to the above, your specific input to the problem is:  

• 𝑥̅𝑥 = 𝑌𝑌 mm  
• ∆𝑥𝑥 = 1.𝑌𝑌 mm  
• 𝑦𝑦� = 2 ∙ 𝐷𝐷 mm  
• ∆𝑦𝑦 = 2.𝐷𝐷 mm  
• Thickness (in the direction out of the screen) is t = 4.M mm.  

(To clarify, with Martin’s date of birth being 19790415, this would mean 𝑥̅𝑥 = 9 mm, ∆𝑥𝑥 = 1.9 mm, 
𝑦𝑦� = 2 ∙ 5 =  10 mm, ∆𝑦𝑦 = 2.5 mm and t = 4.4 mm). 

Tasks:  

a) For the white element with specific dimensions as above, calculate the element volume load 
vector using numerical (Gauss) integration with one integration point. (1.0p) 



Problem 4 – 1.5p 

Consider the Fick’s equation (in 2D) that describes e.g. how diffusion causes the concentration of ions 
in a material (with constant thickness) to change with respect to time: 

𝑐̇𝑐 = -𝑑𝑑𝑑𝑑𝑑𝑑(𝑱𝑱) + 𝑊𝑊     (𝐸𝐸𝐸𝐸. 3.1) 

where: 

• c (scalar) is the concentration of ions [mol/m3], and 𝑐̇𝑐 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

 denotes its time derivative. 

•  𝑱𝑱 = �
𝐽𝐽𝑥𝑥
𝐽𝐽𝑦𝑦
�, unit [mol/(m2 s)], describes the flux of ions 

• 𝑱𝑱 is related to the concentration of ions through 𝑱𝑱 = −𝑫𝑫𝛁𝛁c, where 𝑫𝑫 is a 2 x 2 constitutive 
matrix with unit [m2/s], and 𝛁𝛁 is the in-plane (2D) gradient operator. 

• 𝑊𝑊 is a scalar source term [mol/(m3 s)] that represents the generation of new ions that can 
appear  e.g. through a chemical reaction. 

Thus, the equation above (Eq. (3.1)) is a transient equation that bears a lot of similarities with the 
transient heat flow equation. 

Tasks:  

a) First clearly state what is the unknown field that one wants to find with the solution 
(sometimes we call this the primary field). Then introduce a suitable notation for a weight 
function and derive the weak form of Eq (3.1). (0.5p) 
 

b) From the weak form of the equation, and from the info above, identify the Dirichlet and 
Neumann types of boundary conditions associated with this problem. Express them in terms 
of already introduced quantities to complete the weak form of the problem. (0.5p) 
 

c) From the weak form, introduce a finite element approximation (you may consider linear 
triangular approximations) and derive and state the FE form of the problem. Please note that 
you do NOT have to give explicit shape function expressions. (0.5p) 
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