
Quantum Optics and Quantum Informatics FKA173

Date and time: Tuesday, 28 October 2014, 08:30-12:30.
Examiners: Jonas Bylander (0702-53 44 39) and Thilo Bauch (0733-66 13 79).
Visits around 09:30 and 11:30.
Allowed reference: One hand-written A4 sheet (both sides may be filled).

1. Bloch sphere manipulations (2 pts.)

(a) Write down a general qubit state and depict it on the Bloch sphere.
(0.5)

(b) Given two fields Bz(t)σ̂z and Bx(t)σ̂x that couple to a qubit, describe
how to take the qubit from the state |1〉 to the state (|0〉+ |1〉) /

√
2.

During how long time should the fields be applied? (1.5)

2. Rabi Hamiltonian and Jaynes-Cummings Hamiltonian (5 pts.)

(a) The Rabi Hamiltonian of an atom in presence of an external electro-
magnetic field is given by

Ĥ =
P̂2

2m
+ V (r) + er̂ ·E(t) = Ĥ0 − d̂ ·E(t),

where d̂ = −er̂ is the dipole operator. What approximation is used
to derive this Hamiltonian? (0.5)

(b) The Jaynes-Cummings Hamiltonian can be derived from the Rabi
Hamiltonian by replacing the classical field E(t) of a single mode in a
one dimensional cavity (resonator) by an operator Ê(t) = Êx(z, t) =
E0(â + â†) sin (kz), resulting in

Ĥ = −~ω0

2
σz + ~ωâ†â + g(âσ+ + â†σ−).

• What are the meanings of the three terms in the Hamiltonian?
(0.5)

• What approximation was used to derive this Hamiltonian and
what is the physical meaning of this approximation? (0.5)

• Depict the energy spectrum of the uncoupled (g = 0) and coupled
(g 6= 0) atom-photon states for zero detuning ω = ω0. Put the
relevant energy differences into the drawings. (1)

(c) For large detuning (∆ = ω0 − ω, ~|∆| � g) between the field fre-
quency and the atomic transition frequency we obtain the dispersive
Hamiltonian:

Ĥdisp = −1
2

(
~ω0 +

g2

~∆

)
σz +

(
~ω − g2

~∆
σz

)
â†â.
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• What is the effective frequency of the cavity when the atom (the
qubit) is in the ground state? (0.5)

• This system can be used to read out the qubit state using (mi-
crowave) photons. Explain explicitly how the system should be
modified, what is measured and how the qubit state can be de-
tected. (1)

• Describe the nature of the back-action on the qubit during this
dispersive readout. Motivate your answer with reference to the
dispersive Hamiltonian. (1)

3. Ramsey fringes, mixed states and the Bloch equations (5 pts.)

Let a qubit start out in the ground state, and apply a sequence of two π/2
pulses separated by a time τ of free induction, followed by a projective
measurement onto the energy eigenbasis. The figure shows the probability
to find a qubit in the ground state after this sequence (Ramsey fringes).

Figure 1: Ramsey interference fringes (superconducting qubit). Psw denotes
the probability to find the qubit in its ground state when measuring after the
second pulse (indicated by the red dot).

(a) Explain why the signal decays toward 0.5. What is the relevant char-
acteristic time scale usually called, and how long is this characteristic
time here? Explain why the signal does not initially swing between
0 and +1, but only between approximately 0.2 and 0.9. (2)

(b) Write down the Bloch equations for the average projections onto the
x, y, and z axes, starting right after the first π/2 pulse, i.e. at time
tπ/2 when the qubit state is on the equator. You can assume that
the pulse was along the x axis, so that the state points along the y
axis at this moment in time. Solve the Bloch equations for the time
τ of free-induction decay, i.e. until right before the second π/2 pulse.
(You can make an Ansatz for the form of the solution and then verify
it. It’s ok to assume resonant pulses.) (2)

(c) Write down the density matrix for the times (i) before the first π/2
pulse; (ii) after the first π/2 pulse; and (iii) at time τ . Is the state
pure or mixed at the times (i–iii)? (1)
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4. Quantizing Electrical Circuits (2.5 pts.)

Derive the quantum mechanical Hamiltonian of the single Cooper-pair
box, starting from the electrical circuit in the figure.

Figure 2: Circuit diagram of the single Cooper-pair box

(a) Write down the classical Lagrangian for the circuit. (0.5)
(b) Find the conjugate momentum to the coordinate you chose, and mo-

tivate the choice of coordinate. (0.5)
(c) Write down the classical Hamiltonian for the circuit. (Note, the

Hamiltonian is written in terms of the conjugate momentun, i.e. not
the velocity.) (0.5)

(d) Going to quantum mechanics, what are the commutation relations
between all the operators in the Hamiltonian? (0.5)

(e) Truncate the Hamiltonian to a two-level system and write it using
Pauli matrices. (0.5)

5. Quantum circuits and algorithms (5.5 pts.)

(a) Show that for the controlled-Z operation on two qubits, the outcome
is the same regardless of which qubit controls which. (1)

(b) Construct a CNOT gate from one controlled-Z gate and two Hadamard
gates, specifying control and target qubits. (1)

(c) State and prove the no-cloning theorem. (1.5)
(d) Explain how to create the two-qubit, maximally entangled Bell states.

What can the Bell states be used for? (2)

Figure 3: Controlled-Z gate.
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