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1. Recognising patterns with a Hopfield network. Five patterns are
shown in Figure 1 with N = 48. Store the patterns x(1) and x(2) in a Hopfield
network using Hebb’s rule wij = 1

N

∑2
µ=1 x

(µ)
i x

(µ)
j with i, j = 1, . . . , N . Use

the update rule

Si ← sgn

(
N∑
j=1

wijSj

)
. (1)

Follow the steps outlined below to determine which of the input patterns are
attractors for synchronous updates.

x(1)
<latexit sha1_base64="QrGqae6HzEmm22M+hDtE/OmCQUU="></latexit><latexit sha1_base64="uCm8oH/n74KQl3U1xQRA6TW+Q9U="></latexit><latexit sha1_base64="uCm8oH/n74KQl3U1xQRA6TW+Q9U="></latexit><latexit sha1_base64="odq4ZvRgCHGTL3dOEWbv8vEEyhA="></latexit>

x(2)
<latexit sha1_base64="QkVN+WdzC98lUwR2/0rg2vYNW20="></latexit><latexit sha1_base64="wqHSiZIWSZvHVv3Rr9pTOz+lCsE="></latexit><latexit sha1_base64="wqHSiZIWSZvHVv3Rr9pTOz+lCsE="></latexit><latexit sha1_base64="+0EYhSFz3eEptZsAs0WWJIQ2pvQ="></latexit>

x(3)
<latexit sha1_base64="XHBO9eq5Q8zqiZY/aPllSx/fzQU="></latexit><latexit sha1_base64="53cKZPsHfoht/r361+YPA6V6C78="></latexit><latexit sha1_base64="53cKZPsHfoht/r361+YPA6V6C78="></latexit><latexit sha1_base64="W6fpDkUqC73GG2HyVIh/92pE7Sc="></latexit>

x(4)
<latexit sha1_base64="XbfhtgPwOoP/0BEJHNZ6zDoryAc="></latexit><latexit sha1_base64="AzSNL62BRJn3c9m8RfT+gILFWdM="></latexit><latexit sha1_base64="AzSNL62BRJn3c9m8RfT+gILFWdM="></latexit><latexit sha1_base64="A850SyGGlXV36I6cdqLuODDA+uc="></latexit>

x(5)
<latexit sha1_base64="iak9i4BhAEn2iiHEOLJhoFsBU2A="></latexit><latexit sha1_base64="3mFv7YuG15uooiHzJC0p/BK8P78="></latexit><latexit sha1_base64="3mFv7YuG15uooiHzJC0p/BK8P78="></latexit><latexit sha1_base64="8If6jQ2gBIWjklRZ17gfUvnuDn4="></latexit>

Figure 1: Patterns for question 1. The bits are encoded as follows: x
(µ)
i = −1

(�), x
(µ)
i = 1 (�).
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(a) Compute
∑N

j=1 x
(µ)
j x

(ν)
j for µ = 1, ν = 1, . . . , 5 and for µ = 2, ν = 1, . . . , 5.

Hint: The result can be read off from the Hamming distances between the
patterns shown in Figure 1. (0.5p).

(b) Consider the quantity b
(ν)
i =

∑N
j=1wijx

(ν)
j , where wij are the weights

obtained by storing patterns x(1) and x(2). Compute b
(ν)
i for ν = 1, . . . , 5.

Express your result as linear combinations of x
(1)
i and x

(2)
i . Hint: use your

answer from the first part of this question. (1p).
(c) Feed all patterns in Figure 1 to the network. Which of the patterns re-
main the same after one synchronous update according to Eq. (1)? (0.5p).

Solution: Define the quantity

Qµν =
1

N

N∑
j=1

x
(µ)
j x

(ν)
j . (2)

The Hamming distance dµν , which for −1/ + 1 bits can be read off as the
number of bits that are different between patterns µ and ν, is related to Qµν

as

Qµν =
N − 2dµν

N
. (3)

Below is shown a table with the NQµν and dµν for the different patterns
µ ν dµν NQµν

1 1 0 48
1 2 9 30
1 3 8 32
1 4 11 26
1 5 48 -48
2 2 0 48
2 3 3 42
2 4 8 32
2 5 39 -30

(a) Read off result from NQµν column.

(b) Using Hebb’s rule, the local field b
(ν)
i =

∑2
µ=1

1
N

∑N
j=1 x

(µ)
i x

(µ)
j x

(ν)
j =

Q1νx
(1)
i +Q2νx

(2)
i .

(c) Pattern 1 remains the same because |Q11| > |Q21| = |Q12|. Pattern 2
remains the same because |Q22| > |Q12|. Pattern 3 changes and becomes
pattern 2 after one synchronous update because |Q23| > |Q13|. Pattern 4
changes and becomes pattern pattern 2 after one synchronous update be-
cause |Q24| > |Q14|. Pattern 5 remains the same because |Q15| > |Q25| and
Q15 is negative.
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2. Deterministic dynamics for restricted Boltzmann machine. Con-
sider the energy function for the restricted Boltzmann machine

H = −
M∑
i=1

N∑
i=1

wijhivj +
N∑
j=1

θ
(v)
j vj +

M∑
i=1

θ
(h)
i hi (4)

where M is the number of hidden neurons hi, and N is the number of visible
neurons vi.
(a) Show that the energy cannot increase during asynchronous updates under
the deterministic McCulloch-Pitts dynamics

h′m = sgn
(
b(h)m

)
, and v′n = sgn

(
b(v)n
)

(5)

with b
(h)
i

∑N
j=1wijvj − θ

(h)
i and b

(v)
j =

∑M
i=1 hiwij − θ

(v)
j . Note that it is not

required that the weight matrix is symmetric, or that the diagonal elements
are non-positive. (1p).
(b) Show that the energy function cannot increase during synchronous up-
dates. The McCulloch-Pitts dynamics are also used in the Hopfield model.
Why can the energy function increase during synchronous updates for the
Hopfield model, but not for the restricted Boltzmann machine (no derivation
required) (1p).
Solution: Consider first the changes in H when updating the hidden neu-
rons, keeping the states of the visible neurons unchanged (constant). We
write

H = −
M∑
i=1

hi

( N∑
j=1

wijvj − θ(h)i

)
+ const . (6)

This allows us to express the change in H as

H ′ −H = −
M∑
i=1

(h′i − hi)
( N∑
j=1

wijvj − θ(h)i

)
. (7)

Suppose that hi = 1 and h′i = −1, so that h′i − hi < 0. It follows from

Equation (5) that the sign of
∑N

j=1wijvj − θ
(h)
i equals h′i < 0. Therefore

H ′ −H < 0. Now assume that hi = −1 and h′i = 1. In this case h′i − hi > 0

and
∑N

j=1wijvj − θ
(h)
i > 0. Again H ′ − H < 0. When h′i = hi, the energy

function does not change. In summary, H cannot increase when updating
the hidden neurons (keeping the states of the visible neurons fixed). Here
the argument works for synchronous updates of the hidden neurons because
there are no interactions between them. For the Hopfield model, the energy
function can increase under synchronous updates (Exercise 2.9). In a similar
fashion one shows that H cannot increase under synchronous updates of the
visible neurons, if one keeps the states of the hidden neurons constant.
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x1<latexit sha1_base64="hhH+mnZ3TTto0wJml+OfnDxVrHk="></latexit><latexit sha1_base64="ysaPv4lv9lLsrUlOPVsj4jUQODk="></latexit><latexit sha1_base64="ysaPv4lv9lLsrUlOPVsj4jUQODk="></latexit><latexit sha1_base64="4zYRtSBlHFs2B3PV4j7a/mKsobY="></latexit>

x2
<latexit sha1_base64="pUUU+7/KSW4w1xdMwnsthAkgWGE="></latexit><latexit sha1_base64="LlgdxqRjb0VW8mauVI+A4KEUHoA="></latexit><latexit sha1_base64="LlgdxqRjb0VW8mauVI+A4KEUHoA="></latexit><latexit sha1_base64="HeCYJAKZu+nI+n/PYGuUs7iWm78="></latexit>

1
<latexit sha1_base64="fe7q88yMr/5bAf49DfYy4V7Re7c="></latexit><latexit sha1_base64="fRjkUqmalamGXBivI8VjVsv4lOs="></latexit><latexit sha1_base64="fRjkUqmalamGXBivI8VjVsv4lOs="></latexit><latexit sha1_base64="dWsTKwyfcKFfPJ8fb+gCsoZnHQM="></latexit>

Fig. 7.7

1
<latexit sha1_base64="fe7q88yMr/5bAf49DfYy4V7Re7c="></latexit><latexit sha1_base64="fRjkUqmalamGXBivI8VjVsv4lOs="></latexit><latexit sha1_base64="fRjkUqmalamGXBivI8VjVsv4lOs="></latexit><latexit sha1_base64="dWsTKwyfcKFfPJ8fb+gCsoZnHQM="></latexit>

<latexit sha1_base64="6Z087IBh1C9ZdW9VsjXOZbo7ksQ="></latexit>�1

<latexit sha1_base64="6Z087IBh1C9ZdW9VsjXOZbo7ksQ="></latexit>�1

<latexit sha1_base64="RZN7f5PCDYLiXKhl6D25U8bpl20="></latexit>

t(µ) = 1
<latexit sha1_base64="iK6Jcj5iC48nP3PObFfFwZ5aR60="></latexit>

t(µ) = �1

Figure 2: Classification problem for question 3.

3. Linearly inseparable problem. Figure 2 shows a classification problem
where the input coordinates x(µ) inside the diamond have the target t(µ) =
1 and input coordinates outside of the diamond have target value t(µ) =
−1. Design a fully-connected neural network with two neurons, a hidden
layer with M neurons, and an output layer with one neuron that solves the
classification problem. Use g(b) = sgn(b) for all neurons. Denote the weights
leading from the input to the hidden layer by wij, the thresholds of the hidden
layer by θi, the weights leading from the hidden layer to the output layer by
Wi and the threshold of the output neuron by Θ. Clearly write down all the
parameter values chosen for the network. (2p).
Solution: Choose M = 4 to have one decision boundary for each boundary
of the diamond. We set the rows in the 4 × 2 weight matrix W(1) leading
from the input layer to the hidden layer to be normal vectors to the decision
boundaries pointing towards the origin:

W(1) =


−1 −1
1 −1
1 1
−1 1

 . (8)

Using that the decision boundary is parametrized by w
(1)
i1 x1 + w

(1)
i2 x2 = θ

(1)
i ,

we pick a point on the i:th decision boundary to find the threshold. This
gives θ

(1)
1 = θ

(1)
2 = θ

(1)
3 = θ

(1)
4 = −1. Setting all elements in the 1× 4 weight

matrix W(2) connecting the hidden layer to the output layer to 1, we know
that the sum

∑4
i=1w

(2)
i Vi, where Vi is the output from the i:th hidden neuron,

will only take its maximal value of 4 when the input coordinate is inside the
diamond. Otherwise, it will be less than or equal to 2. Thus, we pick the
threshold θ(2) to be a value between 2 and 4, say 3.

4. Convolutional network. Consider the images in Figures 3, where white
bits have take the value 0, and black bits take the value 1.
(a) Design a convolutional neural network with a convolution layer with a
3× 3 local receptive field using a stride (1, 1) and padding (0, 0, 0, 0), a max-
pooling layer with a 3×3 local receptive field using a stride (1, 1) and padding
(0, 0, 0, 0), and a single output neuron, each layer using the ReLU activation
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(b)
<latexit sha1_base64="KV5LADTFFQZ4N42bkzJ7ant6iw8=">AAACQHicbVHLSsNAFJ3UV62vVpduRotQQUoiBV0W3Lis0Je0oUwmk3bITBJmJoUS8hVu9Wf8C//Anbh15aTNwrReGDic+zr3jBMxKpVpfhilre2d3b3yfuXg8Oj4pFo77cswFpj0cMhCMXSQJIwGpKeoYmQYCYK4w8jA8R+y/GBOhKRh0FWLiNgcTQPqUYyUpp4bydjxoJNeT6p1s2kuA24CKwd1kEdnUjMuxm6IY04ChRmScmSZkbITJBTFjKSVcSxJhLCPpmSkYYA4kXayVJzCK8240AuFfoGCS/ZvR4K4lAvu6EqO1Eyu5zLyv9woVt69ndAgihUJ8GqRFzOoQpidD10qCFZsoQHCgmqtEM+QQFhpkwpbstlCerJ4Sdeyk0xyNrxQ7kcZLW/0Z/hEzBFz04o21Vq3cBP0b5uW2bSeWvV2K7e3DM7BJWgAC9yBNngEHdADGHDwAl7Bm/FufBpfxveqtGTkPWegEMbPL3KGr90=</latexit><latexit sha1_base64="KV5LADTFFQZ4N42bkzJ7ant6iw8=">AAACQHicbVHLSsNAFJ3UV62vVpduRotQQUoiBV0W3Lis0Je0oUwmk3bITBJmJoUS8hVu9Wf8C//Anbh15aTNwrReGDic+zr3jBMxKpVpfhilre2d3b3yfuXg8Oj4pFo77cswFpj0cMhCMXSQJIwGpKeoYmQYCYK4w8jA8R+y/GBOhKRh0FWLiNgcTQPqUYyUpp4bydjxoJNeT6p1s2kuA24CKwd1kEdnUjMuxm6IY04ChRmScmSZkbITJBTFjKSVcSxJhLCPpmSkYYA4kXayVJzCK8240AuFfoGCS/ZvR4K4lAvu6EqO1Eyu5zLyv9woVt69ndAgihUJ8GqRFzOoQpidD10qCFZsoQHCgmqtEM+QQFhpkwpbstlCerJ4Sdeyk0xyNrxQ7kcZLW/0Z/hEzBFz04o21Vq3cBP0b5uW2bSeWvV2K7e3DM7BJWgAC9yBNngEHdADGHDwAl7Bm/FufBpfxveqtGTkPWegEMbPL3KGr90=</latexit><latexit sha1_base64="KV5LADTFFQZ4N42bkzJ7ant6iw8=">AAACQHicbVHLSsNAFJ3UV62vVpduRotQQUoiBV0W3Lis0Je0oUwmk3bITBJmJoUS8hVu9Wf8C//Anbh15aTNwrReGDic+zr3jBMxKpVpfhilre2d3b3yfuXg8Oj4pFo77cswFpj0cMhCMXSQJIwGpKeoYmQYCYK4w8jA8R+y/GBOhKRh0FWLiNgcTQPqUYyUpp4bydjxoJNeT6p1s2kuA24CKwd1kEdnUjMuxm6IY04ChRmScmSZkbITJBTFjKSVcSxJhLCPpmSkYYA4kXayVJzCK8240AuFfoGCS/ZvR4K4lAvu6EqO1Eyu5zLyv9woVt69ndAgihUJ8GqRFzOoQpidD10qCFZsoQHCgmqtEM+QQFhpkwpbstlCerJ4Sdeyk0xyNrxQ7kcZLW/0Z/hEzBFz04o21Vq3cBP0b5uW2bSeWvV2K7e3DM7BJWgAC9yBNngEHdADGHDwAl7Bm/FufBpfxveqtGTkPWegEMbPL3KGr90=</latexit><latexit sha1_base64="KV5LADTFFQZ4N42bkzJ7ant6iw8=">AAACQHicbVHLSsNAFJ3UV62vVpduRotQQUoiBV0W3Lis0Je0oUwmk3bITBJmJoUS8hVu9Wf8C//Anbh15aTNwrReGDic+zr3jBMxKpVpfhilre2d3b3yfuXg8Oj4pFo77cswFpj0cMhCMXSQJIwGpKeoYmQYCYK4w8jA8R+y/GBOhKRh0FWLiNgcTQPqUYyUpp4bydjxoJNeT6p1s2kuA24CKwd1kEdnUjMuxm6IY04ChRmScmSZkbITJBTFjKSVcSxJhLCPpmSkYYA4kXayVJzCK8240AuFfoGCS/ZvR4K4lAvu6EqO1Eyu5zLyv9woVt69ndAgihUJ8GqRFzOoQpidD10qCFZsoQHCgmqtEM+QQFhpkwpbstlCerJ4Sdeyk0xyNrxQ7kcZLW/0Z/hEzBFz04o21Vq3cBP0b5uW2bSeWvV2K7e3DM7BJWgAC9yBNngEHdADGHDwAl7Bm/FufBpfxveqtGTkPWegEMbPL3KGr90=</latexit>

(a)
<latexit sha1_base64="gY1VL4e0WEI3fFxOU4eZ0qrnrjo=">AAACQHicbVHLSsNAFJ3UV62vVpduRotQQUoiBV0W3Lis0Je0oUwmk3bITBJmJoUS8hVu9Wf8C//Anbh15aTNwrReGDic+zr3jBMxKpVpfhilre2d3b3yfuXg8Oj4pFo77cswFpj0cMhCMXSQJIwGpKeoYmQYCYK4w8jA8R+y/GBOhKRh0FWLiNgcTQPqUYyUpp4bydjxIEqvJ9W62TSXATeBlYM6yKMzqRkXYzfEMSeBwgxJObLMSNkJEopiRtLKOJYkQthHUzLSMECcSDtZKk7hlWZc6IVCv0DBJfu3I0FcygV3dCVHaibXcxn5X24UK+/eTmgQxYoEeLXIixlUIczOhy4VBCu20ABhQbVWiGdIIKy0SYUt2WwhPVm8pGvZSSY5G14o96OMljf6M3wi5oi5aUWbaq1buAn6t03LbFpPrXq7ldtbBufgEjSABe5AGzyCDugBDDh4Aa/gzXg3Po0v43tVWjLynjNQCOPnF3Cwr9w=</latexit><latexit sha1_base64="gY1VL4e0WEI3fFxOU4eZ0qrnrjo=">AAACQHicbVHLSsNAFJ3UV62vVpduRotQQUoiBV0W3Lis0Je0oUwmk3bITBJmJoUS8hVu9Wf8C//Anbh15aTNwrReGDic+zr3jBMxKpVpfhilre2d3b3yfuXg8Oj4pFo77cswFpj0cMhCMXSQJIwGpKeoYmQYCYK4w8jA8R+y/GBOhKRh0FWLiNgcTQPqUYyUpp4bydjxIEqvJ9W62TSXATeBlYM6yKMzqRkXYzfEMSeBwgxJObLMSNkJEopiRtLKOJYkQthHUzLSMECcSDtZKk7hlWZc6IVCv0DBJfu3I0FcygV3dCVHaibXcxn5X24UK+/eTmgQxYoEeLXIixlUIczOhy4VBCu20ABhQbVWiGdIIKy0SYUt2WwhPVm8pGvZSSY5G14o96OMljf6M3wi5oi5aUWbaq1buAn6t03LbFpPrXq7ldtbBufgEjSABe5AGzyCDugBDDh4Aa/gzXg3Po0v43tVWjLynjNQCOPnF3Cwr9w=</latexit><latexit sha1_base64="gY1VL4e0WEI3fFxOU4eZ0qrnrjo=">AAACQHicbVHLSsNAFJ3UV62vVpduRotQQUoiBV0W3Lis0Je0oUwmk3bITBJmJoUS8hVu9Wf8C//Anbh15aTNwrReGDic+zr3jBMxKpVpfhilre2d3b3yfuXg8Oj4pFo77cswFpj0cMhCMXSQJIwGpKeoYmQYCYK4w8jA8R+y/GBOhKRh0FWLiNgcTQPqUYyUpp4bydjxIEqvJ9W62TSXATeBlYM6yKMzqRkXYzfEMSeBwgxJObLMSNkJEopiRtLKOJYkQthHUzLSMECcSDtZKk7hlWZc6IVCv0DBJfu3I0FcygV3dCVHaibXcxn5X24UK+/eTmgQxYoEeLXIixlUIczOhy4VBCu20ABhQbVWiGdIIKy0SYUt2WwhPVm8pGvZSSY5G14o96OMljf6M3wi5oi5aUWbaq1buAn6t03LbFpPrXq7ldtbBufgEjSABe5AGzyCDugBDDh4Aa/gzXg3Po0v43tVWjLynjNQCOPnF3Cwr9w=</latexit><latexit sha1_base64="gY1VL4e0WEI3fFxOU4eZ0qrnrjo=">AAACQHicbVHLSsNAFJ3UV62vVpduRotQQUoiBV0W3Lis0Je0oUwmk3bITBJmJoUS8hVu9Wf8C//Anbh15aTNwrReGDic+zr3jBMxKpVpfhilre2d3b3yfuXg8Oj4pFo77cswFpj0cMhCMXSQJIwGpKeoYmQYCYK4w8jA8R+y/GBOhKRh0FWLiNgcTQPqUYyUpp4bydjxIEqvJ9W62TSXATeBlYM6yKMzqRkXYzfEMSeBwgxJObLMSNkJEopiRtLKOJYkQthHUzLSMECcSDtZKk7hlWZc6IVCv0DBJfu3I0FcygV3dCVHaibXcxn5X24UK+/eTmgQxYoEeLXIixlUIczOhy4VBCu20ABhQbVWiGdIIKy0SYUt2WwhPVm8pGvZSSY5G14o96OMljf6M3wi5oi5aUWbaq1buAn6t03LbFpPrXq7ldtbBufgEjSABe5AGzyCDugBDDh4Aa/gzXg3Po0v43tVWjLynjNQCOPnF3Cwr9w=</latexit>

Figure 3: Patterns for question 4. The bits are encoded as follows: x
(µ)
i = 0

(�), x
(µ)
i = 1 (�).

V (1)
<latexit sha1_base64="as9JBb5fuMsSdyo25a+hNmdsqjg=">AAACPnicbVHLSgMxFE3qq9ZXq0s30SJUkDIjBV0W3Lis0Be0Y8lkMm2YzIMkUyjDfIRb/Rl/wx9wJ25dmmln4bReCBzOfZ17YkecSWUYH7C0tb2zu1ferxwcHh2fVGunfRnGgtAeCXkohjaWlLOA9hRTnA4jQbFvczqwvYcsP5hTIVkYdNUiopaPpwFzGcFKU4P+c9Iwr9NJtW40jWWgTWDmoA7y6Exq8GLshCT2aaAIx1KOTCNSVoKFYoTTtDKOJY0w8fCUjjQMsE+llSz1puhKMw5yQ6FfoNCS/duRYF/KhW/rSh+rmVzPZeR/uVGs3HsrYUEUKxqQ1SI35kiFKDseOUxQovhCA0wE01oRmWGBidIWFbZks4V0ZfGSrmklmeRseKHcizJa3uiv8KiYY+6kFW2quW7hJujfNk2jaT616u1Wbm8ZnINL0AAmuANt8Ag6oAcI8MALeAVv8B1+wi/4vSotwbznDBQC/vwCwfOvCA==</latexit><latexit sha1_base64="as9JBb5fuMsSdyo25a+hNmdsqjg=">AAACPnicbVHLSgMxFE3qq9ZXq0s30SJUkDIjBV0W3Lis0Be0Y8lkMm2YzIMkUyjDfIRb/Rl/wx9wJ25dmmln4bReCBzOfZ17YkecSWUYH7C0tb2zu1ferxwcHh2fVGunfRnGgtAeCXkohjaWlLOA9hRTnA4jQbFvczqwvYcsP5hTIVkYdNUiopaPpwFzGcFKU4P+c9Iwr9NJtW40jWWgTWDmoA7y6Exq8GLshCT2aaAIx1KOTCNSVoKFYoTTtDKOJY0w8fCUjjQMsE+llSz1puhKMw5yQ6FfoNCS/duRYF/KhW/rSh+rmVzPZeR/uVGs3HsrYUEUKxqQ1SI35kiFKDseOUxQovhCA0wE01oRmWGBidIWFbZks4V0ZfGSrmklmeRseKHcizJa3uiv8KiYY+6kFW2quW7hJujfNk2jaT616u1Wbm8ZnINL0AAmuANt8Ag6oAcI8MALeAVv8B1+wi/4vSotwbznDBQC/vwCwfOvCA==</latexit><latexit sha1_base64="as9JBb5fuMsSdyo25a+hNmdsqjg=">AAACPnicbVHLSgMxFE3qq9ZXq0s30SJUkDIjBV0W3Lis0Be0Y8lkMm2YzIMkUyjDfIRb/Rl/wx9wJ25dmmln4bReCBzOfZ17YkecSWUYH7C0tb2zu1ferxwcHh2fVGunfRnGgtAeCXkohjaWlLOA9hRTnA4jQbFvczqwvYcsP5hTIVkYdNUiopaPpwFzGcFKU4P+c9Iwr9NJtW40jWWgTWDmoA7y6Exq8GLshCT2aaAIx1KOTCNSVoKFYoTTtDKOJY0w8fCUjjQMsE+llSz1puhKMw5yQ6FfoNCS/duRYF/KhW/rSh+rmVzPZeR/uVGs3HsrYUEUKxqQ1SI35kiFKDseOUxQovhCA0wE01oRmWGBidIWFbZks4V0ZfGSrmklmeRseKHcizJa3uiv8KiYY+6kFW2quW7hJujfNk2jaT616u1Wbm8ZnINL0AAmuANt8Ag6oAcI8MALeAVv8B1+wi/4vSotwbznDBQC/vwCwfOvCA==</latexit><latexit sha1_base64="as9JBb5fuMsSdyo25a+hNmdsqjg=">AAACPnicbVHLSgMxFE3qq9ZXq0s30SJUkDIjBV0W3Lis0Be0Y8lkMm2YzIMkUyjDfIRb/Rl/wx9wJ25dmmln4bReCBzOfZ17YkecSWUYH7C0tb2zu1ferxwcHh2fVGunfRnGgtAeCXkohjaWlLOA9hRTnA4jQbFvczqwvYcsP5hTIVkYdNUiopaPpwFzGcFKU4P+c9Iwr9NJtW40jWWgTWDmoA7y6Exq8GLshCT2aaAIx1KOTCNSVoKFYoTTtDKOJY0w8fCUjjQMsE+llSz1puhKMw5yQ6FfoNCS/duRYF/KhW/rSh+rmVzPZeR/uVGs3HsrYUEUKxqQ1SI35kiFKDseOUxQovhCA0wE01oRmWGBidIWFbZks4V0ZfGSrmklmeRseKHcizJa3uiv8KiYY+6kFW2quW7hJujfNk2jaT616u1Wbm8ZnINL0AAmuANt8Ag6oAcI8MALeAVv8B1+wi/4vSotwbznDBQC/vwCwfOvCA==</latexit>
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Figure 4: Network layout for question 5.

function, that can distinguish ‘T’ from ‘C’ in panel(a). (1p).
(b) Does your network classify all patterns in panel (b) correctly? If not,
modify your network so that it does. (1p).
Solution: Set the kernel to be a plus sign made of 1s and the rest 0s (see
Figure 5). Every T -pattern contains a plus sign with one side removed,
meaning that convolving the kernel over such an image will always result
in a convolution layer with a component equal to 4. In the C-patterns, the
greatest overlap with the plus-shaped kernel will be a plus sign with two sides
removed (or the middle and one side removed). Hence, the maximal value of
the convolution layer when a C-pattern is fed will be 3. Setting the weight
connecting the max-pooling layer to the output neuron to 1, we can thus use
a threshold of 3.5 in the output layer to classify T -patterns from C-patterns.

Figure 5: Kernel used for convolutional neural network.
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5. Residual network. Consider the residual network shown in Figure 4,
where V (0) = x is the input and V (3) = O is the output.
(a) Write down the dynamical rules for all hidden neurons and the output
neuron. (0.5p).
(b) Derive the learning rules for the weights and thresholds of the net-
work. (1.5p).
Solution: (a) The dynamical rules are

V (1) = g(b(1)) = g(w(10)x− θ(1)), (9)

V (2) = g(b(2)) = g(w(21)V (1) − θ(2)), (10)

O = g(b(3)) = g(w(32)V (2) + w(30)x− θ(3)) (11)

(b) Using the quadratic energy function H = 1
2
(y−O)2, where we have used

a batch size of 1 and omitted the dependency on input pattern µ, the update
rules for the weights are

δw(32) = −η ∂H

∂w(32)
= η(y −O)g′(b(3))V (2), (12)

δw(21) = −η ∂H

∂w(21)
= η(y −O)g′(b(3))w(32)g′(b(2))V (1), (13)

δw(10) = −η ∂H

∂w(10)
= η(y −O)g′(b(3))w(32)g′(b(2))w(21)g′(b(1))x, (14)

δw(30) = −η ∂H

∂w(30)
= η(y −O)g′(b(3))x. (15)

The update rules for the thresholds are

δθ(3) = −η ∂H
∂θ(3)

= −η(y −O)g′(b(3)), (16)

δθ(2) = −η ∂H
∂θ(2)

= −η(y −O)g′(b(3))w(32)g′(b(2)), (17)

δθ(1) = −η ∂H
∂θ(1)

= −η(y −O)g′(b(3))w(32)g′(b(2))w(21)g′(b(1)). (18)
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6. Ridge regression. Consider a reservoir computer with N input neurons,
Nr reservoir neurons, and M output neurons. The activation function of
the output layer is chosen to be the identity function g(b) = b. Training
the network amounts to adjusting the output weights W(out) to minimise
some energy function. Show that the output weights obtained by minimizing
the quadratic energy function (here written in vector notation) with L2-
regularization

H =
1

2

T∑
t

(
y(t)−O(t)

)>(
y(t)−O(t)

)
+
γ

2
tr
([

W(out)
]>W(out)

)
, (19)

where tr(A) =
∑

iAii is the trace of some matrix A, y(t) is an M×1 column
vector representing the targets at time t, O(t) = W(out)r(t) is an M × 1
column vector containing the outputs at time t, W(out) is an M ×Nr weight
matrix, and r(t) is an Nr×1 column vector containing the reservoir states at
time t, is equivalent to the ridge regression estimation of the output weights
with ridge parameter γ,

W(out) =

(
T∑
t=1

y(t)r>(t)

)(
T∑
t=1

r(t)r>(t) + γI

)−1
= YR>

(
RR> + γI

)−1
.

(20)
Here, Y is an M × T matrix with columns y(t) and R is an Nr × T matrix
with columns r(t). You may show this using either vector or index notation.
Hint: You may or may not use index notation to find the answer. If you
prefer index notation, you can use that(

y(t)−O(t)
)>(

y(t)−O(t)

)
=
∑
i

[yi(t)−Oi(t)]
2 (21)

and

tr
([

W(out)
]>W(out)

)
=
∑
ij

(
w

(out)
ij

)2
. (22)

(2p).
Solution: Expanding Eq. 19 and taking the gradient with respect to W(out),
one finds:

∇W(out)

{
1

2

T∑
t=1

[
y>y − 2y>W(out)r +

(
W(out)r

)>W(out)r
]

+
γ

2
Tr
[
W(out)>W(out)

]}

=
T∑
t=1

(
−yr> + W(out)rr>

)
+ γW(out) . (23)

Here we omitted the dependence on t of y and r for brevity. At the global
minimum the gradient must vanish. We set the gradient to zero and solve
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for W(out). This gives

W(out) =

(
T∑
t=1

yr>

)(
T∑
t=1

rr> + γI

)−1
(24)

which is equivalent to

W(out) = YR>
(
RR> + γI

)−1
(25)

where Y is a M×T matrix with columns y(t) and R is an Nr×T matrix with
columns r(t), where Nr is the number of reservoir neurons. Equation (25) is
the expression for ridge regression1. In summary, ridge regression is equiv-
alent to minimising the quadratic energy function H = 1

2

∑T
t=1

∑M
i=1[Ei(t)]

2

with linear activation functions with respect to the output weights w
(out)
mn

using L2-regularisation.

1See Section 1.5 of [W. N. van Wieringen, Lecture notes on ridge regression,
arxiv:1509.09169].
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Errata for ”Machine learning with neural networks” Bernhard Mehlig,
Cambridge University Press (2021)

p. 32 l. 11 ‘wii > 0’ should be replaced by ‘wii = 0’.

p. 32 l. 21 should read: ‘H = − 1
2

∑
ij wijg(bi)g(bj)−

∫ bi
0

dbbg′(b),

with bi =
∑
j wijnj − θi , cannot increase. . . ’.

p. 37 l. 16 replace ‘
√
N ’ by ‘N−1/2’.

l. 17 replace ‘〈bi(t)〉 ∼ N ’ by ‘〈bi(t)〉 = O(1)’.
p. 54 eq. (4.5c) replace ‘−βbm’ by ‘2βbm’.
p. 55 eq. (4.5d) replace ‘βbm’ by ‘−2βbm’.

p. 67 alg. 3 add superscripts ‘(µ) ’ to ‘δwmn, ‘δθ
(v)
n ’, and ‘δθ

(h)
n ’.

p. 72 l. 12 the list should read ‘1, 2, 4, and 8’.
p. 85 fig. 5.11 switch the labels ‘10’ and ‘50’.
p. 93 fig. 5.22 switch the labels ‘1111’ and ‘1101’ in the right panel.

p. 97 eq. (6.6a) insert ‘V
(µ)
n ’ before the ‘≡’ sign.

p. 106 l. 18 should read ‘a compromise, reducing the tendency of the
network to overfit at the expense of training accuracy’.

p. 117 fig. 7.5 the hidden neurons should be labeled ‘j = 0, 1, 2, 3’
from bottom to top.

p. 118 fig. 7.6 exchange labels ‘1’ and ‘2’.
eq. (7.9) should read ‘O1 = sgn(−V0 + V1 + V2 − V3)’.

p. 121 fig. 7.10 change ‘w(L−2)’ to ‘w(L)’.
p. 122 eq. (7.17) replace ‘J’ by ‘J′’, also in the two lines above the equation.

p. 123 eq. (7.19) should read ‘δ(`) = δ(L)JL−` with JL−` = [D(L)]−1J′L−`D(`)’.
p. 131 eq. (7.45) replace ‘Ol’ by ‘Oi’.
p. 139 l. 33 replace ‘the Lagrangian (7.57)’ by ‘ 12δw ·Mδw’.
p. 160 l. 15 delete ‘then Lij = δij . In this case’.
p. 161 l. 19 replace ‘negative real parts’ by ‘positive real parts’, and ‘positive’ by ‘negative’

in the next line.
p. 171 l. 23 the upper limit of the second summation should be ‘M ’.
p. 197 alg. 10 replace ‘sj = 0’ by ‘sj = 1’ in line 2 of Algorithm 10.
p. 202 l. 37 replace ‘positive’ by ‘non-negative’.
p. 203 l. 21 should read ‘Alternatively, assume that w∗ = u+ iv can be written as an analytic

function of r = r1 + ir2. . . ’.
l. 27 add ‘See Ref. [2]’.

p. 225 l. 5,6 replace ‘two’ by ‘two (three)’ and ‘lost’ by ‘lost (drew)’.

Gothenburg, October 18 (2022).

9


